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!  They can also algebraic equations. 
"  Let the set of variables q! ....q"#!
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,.% (.,<&0/,+,&/% *.'% ,.'(/+0,&/D% H,1(0&% @% 40&/&.+/% *% M2+3-.% )-'&% &[*:47&% 8)-00&/4-.'/% +-% +3&% /,:47&/G%
4&.'(7(:%40-57&:%8\*01*/%>%M*17,-.&9%@ABS;;D%H,1(0&/D%Z8*;%*.'%Z85;%*77-F%+-%<&0,62%+3&%5&3*<,-0%-6%*%
/,:47&%4&.'(7(:%,.%+F-%',:&./,-./D%
%

!"#$%&'$()%*$(#"+%, %
*$(#"+%&'$()%-.%&(%!"#$%.%/%*()%0%*%&%+%1%2%"%-%+%1%
*$(#"+%#31%*&+%*$(#"+%$-%+(4%#%+%4%*5%0%()(4#+%-.%(%4%+%
6%7-"-$1+1".%
2%8%9%0%:%;%<%8%=%0%>%;%$%8%=%0%?%;%'%8%=%0%=%;%@%8%=%0%>%
31%!%1A.%$#B%C%.%+-+%1%D%+%D%(%E%F%6%3)G3+%8%!%C%+%D%)%E%
)>%D%)?%8%.%+%-%+%1%
3)3+%8%&(%0%H%1%"%#%.%4%*%@%1%C%.%+%-%+%1%E%
3)3+%8%I%)?%D%
J C2G<E,&(%0%.%*%&%C%)>EJC@G$E,%)?%K%'GC$,<,,?%E%L%
"%1%+'"&%3)3+%
6%M%&%*%+%*%-%4%N#&3*%+%*#&.%
(%8%I%2%D%<D%@%D%'%D%$L%;%.%+%-%+%1%8%I%?%0%D%=%L%
+%8&(%0%4%*%&%.%(%-%/%1%C%=%D%>%=%D%O%=%=%E%;%("%*&+%C%+%E%
.%#%4%8%#31%*&+%C%1A.%$#B%D%.%+-+%1%D%+%D%-"2.8C(%D%E%E!

!&/1",)C8*5<9=4"*?4(%*H4&*I%"(-6-@*@4(%6>*24-&?%]*\L"*%6)A4&)9#4"*
%

%
8*;! h%V.1(7*0%4-/,+,-.%*.'%<&7-),+2%

%

%
8*;! M3*/&%',*10*:%

%
!&/1",)D8*2#@I6%'Q*I%"(-6-@*A%=)$#4&>*24-&?%]*\L"*%6)A4&)9#4"*

!
Y.%/&](&.)&%+-%+3&%'&<&7-4:&.+%-6%+3&%7*.1(*1&%M2+3-.%,.%+3&%/40,.1%*.'%/(::&0%-6%+3&%2&*0%@AAA9%

F,+3%+3&%3&74%-6%=*<,'%V.'&0/&.9%g(+3%U3*5*29%V0,%d&,+.&09%Y*.%M&+&0/%*.'%T0()&%!3&0F--'9%=*<,'%!)3&0&0%
)0&*+&/% \,/(*79% *% :-'(7&% 6-0% M2+3-.% +3*+% F*/% .-+% -.72% 0&7*+,<&72% /,:47&% +-% (/&9% 5(+% *7/-% *77-F&'% +3&%
'&<&7-4:&.+%-6%-5X&)+/%,.%+30&&%',:&./,-./D%"3&%)-:5,.*+,-.%-6%M2+3-.%*.'%\,/(*7%,/%)*77&'%\M2+3-.%
F3,)3%*77-F/%(/&0/%+-%)0&*+&%-5X&)+/%/()3%*/%/43&0&/9%)27,.'&0/%*.'%Z=%)-.&/%*.'%',/47*2/%+3&:%,.%*%F,.'-F9%
F3,)3%6*),7,+*+&/%+3&%)0&*+,-.%-6%+30&&J',:&./,-.*7%<,/(*7,Q*+,-./D%"3,/%7*/+%6&*+(0&%3*/%:*'&%\M2+3-.%*.%
&//&.+,*7%+--7%6-0%+3&%)0&*+,-.%-6%<,0+(*7%7*5-0*+-0,&/%8\,77*+&9%@ABC;D%

"3&%+30&&J',:&./,-.*7%0&40&/&.+*+,-.%-6%+3&%'-(57&%4&.'(7(:%,/%,77(/+0*+&'%,.%H,1(0&%bD%
!
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^`^ *

!
!&/1",)E8*T#&9-)6*%"$#&4"@%"9*H4&*(4-A6%*I%"(-6-@>*24-&?%]*\L"*%6)A4&)9#4"*

/ 1$+ @,0#,,+$2+ A#,,%$3+ B)",44(",+ >#$54,3 "

"3&%-05,+%-6%+3&%/*+&77,+&%-6%+F-%'&10&&/%-6%60&&'-:%F,+3%:*//%- %,/%,77(/+0*+&'%,.%H,1(0&%S9%)*.%5&%'&/)0,5&'%
52%+F-%.-.J7,.&*0%*.'%)-(47&'%&](*+,-./%-5+*,.&'%60-:%+3&%/(:%-6%+3&%I,.&+,)%&.&012%'(&%+-%+3&%+*.1&.+,*7%
)-:4-.&.+% %*.'%0*',*7%)-:4-.&.+%-6%/4&&'% D%Y+%,/%*//(:&'%+3*+%+3&%/*+&77,+&%3*/%+0*)+,-.%
,.%+3&/&%',0&)+,-./9%+3(/%+3&%:*1.,+('&%-6%+3&%6-0)&/%*0&%I !%*.'%I ")0&/4&)+,<&72D%

!
!&/1",)F 8*T#&9-)6*%"$#&4"@%"9*H4&*I%"(-6-@>*24-&?%]*\L"*%6)A4&)9#4"*

%
"3,/%40-57&:%,/%F&77%I.-F.%,.%+3&%*0&*%-6%*(+-:*+,)%)-.+0-79%5(+9%,/%.-+%/+(',&'%,.%+3&%T-7,<,*%&'()*+,-.%

40-10*:%F,+3%:(7+,47&%,.4(+/%*.'%:(7+,47&%-(+4(+/%8$Y$f;%8!,](&,0*9%$-0&,0*9%>%M*17,-.&9%@AAc;9%8\*01*/%
>%Y0(/+*9%@ABb;D%

;(20-.(2&<(%".$C-%"

"3&%+-+*7%I,.&+,)%&.&012%-6%+3&%/*+&77,+&%-6%H,1D%S%,/%1,<&.%52a%
%

%%%%%8W;%

%
"3&%&](*+,-./%8W;%*.'%8@;%*77-F%-5+*,.,.1%+3&%:*+3&:*+,)*7%:-'&7%-6%+3,/%40-57&:%8R-7-<,)39%BWWb;D%

5$.*72(2&$)(%"1$%72&$)"

H,1(0&%O8*;%,77(/+0*+&/%+3&%0&/(7+/%-5+*,.&'%6-0%;J=K%*.'% J=KD%Y+%,/%<&0,6,&'%+3*+%+3&%;J=K%:-<&/%*F*2%60-:%,+/%
,.,+,*7%)-.',+,-.%+30-(13%*%0*:49%6-0%+3,/%0&*/-.%+3&%'&0,<*+,<&%i%+&.'/%+-%5&%*%)-./+*.+D%
!
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!
J)K*1)(#)6*I4'#9#4"*)"(*&)9%* !

JAK*+"D-6)&*I4'#9#4"*)"(*&)9%*
!&/1",)G8*CL4*a%D&%%*4H*b&%%(4@*2)9%66#9%*#"*9L4*(#@%"'#4"'>*24-&?%]*\L"*%6)A4&)9#4"*

%
H,1(0&%O85;%,77(/+0*+&/%+3&%0&/(7+/%-5+*,.&'%6-0%%*.'% D%Y+%,/%<&0,6,&'%+3*+%%0&:*,./%F,+3%)-./+*.+%

5&3*<,-0%-<&0%+,:&9%6-0%+3,/%0&*/-.%+3&%'&0,<*+,<&%%+&.'/%+-%Q&0-D%Y.%40*)+,)&9%,+%,/%&[4&)+&'%+3*+%+3&%
/*+&77,+&%F,77%'&/)0,5&%*%+0*X&)+-02%F,+3%)-./+*.+%*.1(7*0%<&7-),+2%%*.'%F,+3%4-/,+,-.%;J=K%)-./+*.+%*7/-D%

"3&% H,1(0&% c% ,77(/+0*+&/% +3&% +0,',:&./,-.*7% <,0+(*7% &.<,0-.:&.+% 6-0% +3&% /*+&77,+&% -6% +F-% '&10&&/% -6%
60&&'-:D%

!
!&/1",)H8*T#&9-)6*%"$#&4"@%"9*H4&*I%"(-6-@>*24-&?%]*\L"*%6)A4&)9#4"*

D&"$3)"('+ 5$!"#$4+ >#$54,3 "

"3&%*.*72/,/%*.'%/2.+3&/,/%*0&%4&06-0:&'%52%*4472,.1%+3&-02%-6%-4+,:*7%)-.+0-7%*.'%+3&%+&)3.,](&%-6%P,.&*0%
j(*'0*+,)%g&1(7*+-0%8Pjg;9%:&+3-'%5*/&'%-.%+3&%7,.&*0,Q*+,-.%-6%'2.*:,)%/2/+&:/9%0&40&/&.+&'%,.%+3&%+,:&%
'-:*,.%8T0,*.%>%H0*.I9%@AAZ;9%8f1*+*9%@ABB;D%"3&%)-.+0-7%/+0()+(0&%,/%40&/&.+&'%,.%H,1(0&%CD%
%

%
!&/1",)I 8*c%"%&#?*'9&-?9-&%*?4"9&46>*24-&?%]*\L"*%6)A4&)9#4"*

"
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!

^`d*

D%3$+&20."

"3&%*71-0,+3:%+-%6,.'%*%)-.+0-7%7*F%#%,/%1,<&.%52a%
%

%%%%%8BAJBB;%
%
/-%+3*+%+3&%6&&'5*)I%)-.+0-7%7*F%:,.,:,Q&/%+3&%G<;LH;F98M<)?8N<Oa%

% % 8B@;%

%
/(5X&)+%+-%+3&%6-77-F,.1%/+*+&%&](*+,-.a%

%

% % % 8BZ;%
%

"3&%1*,.%:*+0,[% %,/%-5+*,.&'%60-:%+3&%/-7(+,-.%-6%Riccati’s%&](*+,-.D%
%

%%%%8;%
%

F3&0&9% %*.'% %*0&%+3&%*(1:&.+&'%:*+0,)&/D%"3&%-4+,:*7%1*,.%N%)*.%5&%-5+*,.&'%](,)I72%(/,.1%
M2+3-.%U-.+0-7%"--75-[D%

%
"3&%)-'&%(/&'%+-%)*7)(7*+&%+3&%1*,./%,/%40&/&.+&'%,.%H,1(0&%WD%

%
!"#$%/%#%&%+%"%#%4%*$(#"+%,%!"#$%.%4%)%/%#%+%*$(#"+%, %
!"#$%/%#%&%+%"%#%4%0%$-+4-5%*$(#"+%, %
*$(#"+%&'$()%-.%&(%
6P-+1.%
Q$%8%>%0%?%;%R$%8%=%0%>%;%Q%4%8%=%0%O%;%
R4%8%=%0%=%S%;%$%8%>%;%T"%8%=%0%S%;%
48%=%0%S%;%2%8%9%0%:%;%
U%8%I%I%=%D%>L%D%I%JC%2,%4%,$E%G%C%Q%4KQ$,T",,?E%D%
J CR4KR$,T",,?EGC%Q%4KQ$,T"%,%,%?%E%L%L%;%
R%8%I%I%=%L%D%I%>%G%C%Q$KC%Q%4%GT"%,%,%?%E%E%L%L%;%
N%8%I%I%>%D%=%L%D%I%=%D%>%L%L%;%P%8%I%I%=%L%D%I%=%L%L%;%
U-'$%8%I%IUL%D%I%I%=%L%D%I%=%L%L%D%IRL%D%I%>%L%L%R-'$%8%I%IRL%D%I%=%L%L%
V%8%I%I%?%=%D%=%D%=%L%D%I%=%D%?=%D%=%L%D%I%=%D%=%D%?%=%L%L%W%8%=0=>%
XD%Y%D%Z%84%A%"%CU-'$DR-'$D%VD%WE!
!&/1",)J 8*c%"%&#?*'9&-?9-&%*?4"9&46>*24-&?%]*\L"*%6)A4&)9#4"*

/E$"C-3+--"$F"F+--C$."1(2-%%&2-"<$)2+$%"

"3&%)-.+0-77&'%<*0,*57&/%)-00&/4-.'%+-%+3&%4-/,+,-.%,.%0&7*+,-.%+-%+3&%)&.+&0%-6%+3&%&*0+3%*.'%+3&%*.1(7*0%
4-/,+,-.%-6%+3&%/*+&77,+&D%"3&%'&/,0&'%0&6&0&.)&/%*0&%+3&%(.,+%6-0%k0k%*.'%*%0*:4%ADS+%6-0%D%Y.,+,*7/%)-.',+,-./%
-6%+3&%,.+&10*+-0%*0&%lADC%A%A%Bm$%D%"3&%1*,.%:*+0,[%0 %-5+*,.&'%,/a%

%

%

8BS;%
%

H,1(0&%BA8*;%/3-F.%+3&%0&/(7+%-6%0*',*7%)-:4-.&.+%;J=KA%F3&0&%,/%<&0,6,&'%+3*+%*6+&0%-6%+0*./,&.+9%+3&%
0&6&0&.)&%,/%0&*)3&'D%
!

!
!
# In practice, the control variable u, it is always limited to its maximum and minimum values. 
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!
)K*1)(#)6*(#'9)"?%*!"#$%

!
AK*+"D-6)&*I4'#9#4"**

!&/1",)BK8*B64'%(*644I*&%'-69'*')9%66#9%*Ca\b>*24-&?%]*\L"*%6)A4&)9#4"*
%
H,1(0&%BA85;%,77(/+0*+&/%+3&%0&/(7+%-5+*,.&'%6-0%+3&%*.1(7*0%4-/,+,-.%9%F3,)3%6-77-F/%+3&%/4&),6,&'%

0*:4%F,+3%*.%-66/&+9%-66/&+%,/%)3*0*)+&0,/+,)%-6%LQR%+&)3.,](&%6-0%0*:4%0&6&0&.)&D%"-%/-7<&%+3,/%40-57&:9%
,+%,/%.&)&//*02%+-%/+('2%-+3&0%)-.+0-7%/+0*+&1,&/%8R-7-<,)39%BWWb;%

5$!'4&*($!*+)!%+%(*'&**($!* "

"3&%:*,.%)-.+0,5(+,-.%-6%+3,/%40-4-/*7%,/%*447,)*+,<&9%/,:47&%&[*:47&/%/3-F%+3&%7,.I%5&+F&&.%+3&-02%*.'%
40*)+,)&9%+3&%0&/(7+/%-5+*,.&'%+30-(13%/,:(7*+,-./%*0&%&<*7(*+&'%,.%+F-%*.'%+30&&%',:&./,-./9%F3,)3%*77-F%
+3&%&[+&./,<&%(/&%-6%<,0+(*7%7*5-0*+-0,&/D%"3&%40&/&.+&'%/+0*+&12%,/%(/&'%,.%)-(.+0,&/%F,+3%3,13%'&<&7-4:&.+%
,.',)&/9%(.6-0+(.*+&72%+3,/%'-&/%.-+%3*44&.%,.%T-7,<,*D%%

"3 &%/(::*02%-6%+3&%:&+3-'-7-12%+3*+%*''0&//&/%+3&%40-57&:/%40&/&.+&'%,/%,77(/+0*+&'%,.%H,1(0&%BBD%
%

!
!&/1",)BB8*2-@@)&<*4H*@%9=4(464D<>*24-&?%]*\L"*%6)A4&)9#4"*

%
"3&%:*,.%*'<*.+*1&%-6%+3&%40&/&.+&'%/+0*+&12%,/%6-0%+3&%)-(.+029%F3,)3%F,77%5&.&6,+%60-:%*%6(+(0&%

1&.&0*+,-.%F,+3%:-0&%40-6&//,-.*7/%)*4*57&%-6%F-0I,.1%,.%+3&%.&F%,.'(/+0,*7%&0*D%Y.%+3,/%/&./&9%,+%/3-(7'%5&%
&:43*/,Q&'%+3*+%+3,/%/+0*+&12%F,77%3&74%,.%+3&%+0*,.,.1%*.'%:-+,<*+,-.%-6%+3&%.&F%T-7,<,*.%/),&.+,/+/%,.%+3&%
/3-0+J%*.'% 7-.1J+&0:% 4&0,-'D% "3,/% /+0*+&12% ,/% *7/-% *++0*)+,<&% 5&)*(/&% 40-10*::,.1% 7*.1(*1&/% 7,I&%
PQ=>H8R*GQ=>H8%*0&%60&&D%P&+%(/%.-+%6-01&+%+3*+%+3&/&%\,0+(*7%P*5-0*+-0,&/%)*.%5&%](,)I72%,:47&:&.+&'%-.%
*.2%)-:4(+&0%*.'%:*.*1&'%60-:%*%'&',)*+&'%/&0<&0%+3*+%'-&/.G+%.&&'%+3&%4(0)3*/&%-6%*'',+,-.*7%3*0'F*0&D%

"3&%+-+*7%.(:5&0%-6%*++&.'&&/%F3&0&%+3&%/+0*+&12%F*/%40&/&.+&'%0&*)3&'%*440-[,:*+&72%SAA%*:-.1%
40-6&//-0/%*.'%/+('&.+/D%=(0,.1%+3&%40&/&.+*+,-./9%*%](&/+,-..*,0&%F*/%40&J4*0&'%*/I,.1%F3*+%:&+3-'-7-12%
F*/%40*)+,)&'%52%+3&%4*0+,),4*+,.1%(.,<&0/,+,&/D%H,1(0&%B@%,77(/+0*+&/%B@%40&/&.+*+,-./%F,+3%*.%*<&0*1&%-6%bA%
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^`e*

4*0+,),4*.+/% 52% /&//,-.D% "3&% +-+*7% .(:5&0% -6% 4*0+,),4*.+/% *.'% +3&% 4&0)&.+*1&/% +3*+% )-00&/4-.'% +-% +3&%
:&+3-'-7-1,&/%?-.J*447,&'%:&+3-'%*.'%V447,&'%:&+3-'D%

"3&%0&/(7+%/3-F/%+3*+%cSn%/+,77%*':,.,/+&0%/(5X&)+/%/()3%*/%)*7)(7(/9%*71&50*%*.'%-+3&0/%,/-7*+&'%60-:%
40*)+,)*7% *447,)*+,-./D% Y.% +3,/% /&./&9% +3&% 4*0+,),4*+,.1% /+('&.+/% &<,'&.)&'% +3&% ,:40-<&:&.+%,.% 7&*0.,.1%
',/),47,.&/%,.%/),&.)&%*.'%&.1,.&&0,.19%,.+&10*+&'%+-%+3&%)-.)&4+/%-6%:-'&7,.19%40-10*::,.1%7*.1(*1&/9%
.(:&0,)*7%:&+3-'/%*.'%/,:(7*+,-.D%H-77-F,.19%/-:&%6&&'5*)I%60-:%4*0+,),4*+,.1%/+('&.+/%*0&%0&1,/+&0&'a%

¥! 0;<9=)N<G=>)?8)=><)F<=>HNHDH:QA)9@);9;<DQ)<OGD9?8<N)?8)HC;)C8?S<;@?=?<@A)
¥! ')N?N)8H=)@<<)=>?@)F<=>HN)E<LH;<A)=><)D<9;8?8:)?@)=;98@G9;<8=)98N);<9DTUH;DN)<O9FGD<@)M98)E<)HE@<;S<NA)
¥! %><)@=;9=<:Q)MD<9;DQ)@>HU@)=><)MHFGD<=<)MQMD<)=>9=)?8SHDS<@)=><)N<NCM=?H8)HL)F9=><F9=?M9D)FHN<D@)C8=?D)=><)S?@C9D?V9=?H8)

HL);<@CD=@)?8)=UH)98N)=>;<<)N?F<8@?H8@W)

!
!&/1",)BC8*/-@A%&*4H*I&%'%"9)9#4"'*)"(*)"'L%&'*4H*)99%"(%%'>*24-&?%]*\L"*%6)A4&)9#4"*

)
H(0+3&0:-0&9% *.% ,.+&0*)+,<&% 7,.I% ,/% 5&,.1% '&<&7-4&'% F3&0&% /+('&.+/% )*.% *))&//% +-% +3&% 40&/&.+&'%

40-57&:/%*.'%-+3&0/%8V7<*0*'-9%@ABW;D%V'',+,-.*7729%H,1(0&/%BZ8*;%*.'%BZ85;%/3-F%+3&%<,0+(*7%&.<,0-.:&.+%
6-0%,.<&0+&'%4&.'(7(:%*.'%)-(47&'%/40,.1/%40-57&:/%
%

%
J)K! 0"$%&9%(*I%"(-6-@*

%

%
JAK*B4-I6%(*'I&#"D'**

%

!&/1",)BD8*+((#9#4")6*$#&9-)6*%"$#&4"@%"9'>*24-&?%]*\L"*%6)A4&)9#4"*
%

"3&%4*0+,),4*+,.1%(.,<&0/,+,&/%F&0&%/(11&/+&'%+-%(/&%+3&%/+0*+&12%&[+&./,<&729%*/%F&77%*/%+-%)3*.1&%+3&,0%
/),&.)&%*.'%&.1,.&&0,.1%/+('2%47*./D%V6+&0%+3&/&%0&)-::&.'*+,-./%F&0&%:*'&9%/-:&%(.,<&0/,+,&/%3*<&%<&02%
/7-F72%5&1(.%+-%:*I&%+3&%/(11&/+&'%)3*.1&/D%H,.*7729%'(0,.1%+3&%',//&:,.*+,-.%-6%+3&%/+0*+&129%+F-%5--I/%
F&0&%4(57,/3&'9%-.&%,.%T-7,<,*%*.'%*.-+3&0%,.%T0*Q,7%8\*01*/%>%Y0(/+*9%@ABb;9%8\*01*/%>%M*17,-.&9%@ABS;D%

%
%
%
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D'6!$14,%03,!" "

"3*.I/9%2-(%+-%+3&%4*0+,),4*+,.1%(.,<&0/,+,&/9%+&*)3&0/%*.'%/+('&.+/%F3-%:*'&%4-//,57&%+3,/%4(57,)*+,-.D%
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